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Ising Model

Ferromagnetic Ising model: a model of spontaneous magnetization
B given graph G, edge interaction 5 € R>(, external field A € R>
B state space 2 = {0 : V(G) — {+1,—-1}}

® distribution g g (o) o A7 ef™(9) on Q)

B partition function Zg(8,\) = > __cq Alol™ gfm(o)
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Ising Model

Ferromagnetic Ising model: a model of spontaneous magnetization
B given graph G, edge interaction 5 € R>(, external field A € R>
B state space 2 = {0 : V(G) — {+1,—-1}}

® distribution g g (o) o A7 ef™(9) on Q)

B partition function Zg(8,\) = > __cq Alol™ gfm(o)

Phase Transition: small quantitative change of parameters leads to large
qualitative change of the entire system.

Marcus Pappik - Fast and Slow Mixing of the Kawasaki Dynamics on Bounded-Degree Graphs



Ising Model: Phase Transitions on Ga

Probabilistic:  uniqueness vs. non-uniqueness on Ta

B uniqueness on Tx iff 8 < B, (A) or A & {m,ku(Aﬁ)
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Ising Model: Phase Transitions on Ga

Probabilistic:  uniqueness vs. non-uniqueness on Ta

B uniqueness on Tx iff 8 < B, (A) or A & {m,ku(A,@

Analytic: absence of roots of A — Z (5, A) in complex domains

® all roots of A — Z(3,A) are on the unit circle [Lee and Yang ('52)]

B no root near R>g if 8 < B,(A) [Peters and Regts ('20)]
B no tight regime of zero-freeness under pinnings (absolute zero-freeness)
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Ising Model: Phase Transitions on Ga
Probabilistic:  uniqueness vs. non-uniqueness on Ta
B uniqueness on Tx iff 8 < B, (A) or A & [m,)\u(A,ﬁ)

Analytic: absence of roots of A — Z (5, A) in complex domains

® all roots of A — Z(3,A) are on the unit circle [Lee and Yang ('52)]

B no root near R>g if 8 < B,(A) [Peters and Regts ('20)]
B no tight regime of zero-freeness under pinnings (absolute zero-freeness)

Computational: NP-hardness of approximation vs. efficient algorithms
®m FPRAS for all 5, A > 0! [Jerrum and Sinclair ('93)]
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Ising Model: Phase Transitions on Ga

Probabilistic:  uniqueness vs. non-uniqueness on Ta

B uniqueness on Tx iff 8 < B, (A) or A & {m,ku(A,@

Analytic: absence of roots of A — Z (5, A) in complex domains

® all roots of A — Z(3,A) are on the unit circle [Lee and Yang ('52)]
B no root near R>g if 8 < B,(A) [Peters and Regts ('20)]
B no tight regime of zero-freeness under pinnings (absolute zero-freeness)

Computational: NP-hardness of approximation vs. efficient algorithms
®m FPRAS for all 5, A > 0! [Jerrum and Sinclair ('93)]

Dynamical: slow vs. fast convergence of a 'natural’ Markov chain to g g »

Mixing of Glauber dynamics:

B rapid mixing for 8 < ,(A) [Mossel and Sly ("13)]

B slow mixing for 5 > B,(A), A =1 [Dembo and Montanari ('10)]

B absolute zero-freeness implies rapid mixing [Chen, Liu and Vigoda ('21)]
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Fixed-Magnetization Ising Model

magnetization: for graph G and o € () define n(o) = ch;)\ D wevie) (V)

fixed-magnetization (or canonical) Ising model:

W given graph G, edge interaction 8 € R>(, magnetization n € [—1, 1]
B state space 2, = {0 : V(G) — {+1,—1} | n(o) = n}

®m distribution jig g, (0) x /™) on Q,

B partition function Zg(8,n) = Zaeﬁn gfm(o)
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Fixed-Magnetization Ising Model

magnetization: for graph G and o € () define n(o) = ch;)\ D wevie) (V)

fixed-magnetization (or canonical) Ising model:

W given graph G, edge interaction 8 € R>(, magnetization n € [—1, 1]
B state space 2, = {0 : V(G) — {+1,—1} | n(o) = n}

®m distribution jig g, (0) x /™) on Q,

B partition function Zg(8,7n) = ZUEQ” efm(o)

Slightly different point of view:

For all A > 0 it holds that

,&G,B,n( ) =pceal - | nlo)=mn)
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Fixed-Magnetization Ising: Computational Threshold

Computational Threshold (Carlson-Davies-Kolla-Perkins '22)

There is some 7.(A, 3) > 0 such that: A
mIf 5 < Bu(A) or |n| > n.(A,B), then there is an FPRAS for Z4(5,n)
for G € GA.

mIf 3> B.(A) and |n] < 1.(A, B), then approximating Z¢(3,1) on Ga
Is NP-hard.
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Fixed-Magnetization Ising: Computational Threshold

Computational Threshold (Carlson-Davies-Kolla-Perkins '22)

There is some 7.(A, 3) > 0 such that: A
mIf 5 < Bu(A) or |n| > n.(A,B), then there is an FPRAS for Z4(5,n)

for G € GA. A
B If 8> B.(A) and |n| < n.(4A, B), then approximating Zs(8,n) on Ga
Is NP-hard.

What is the threshold?

ne(A, B) is the "largest “ expected magnetization of the Ising model at A = 1
on any G € Ga :

nc(Aa 5) -— SUPgGegu EUNMG,5,1 [77(0)]
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Fixed-Magnetization Ising: Dynamical Threshold

Kawasaki Dynamics: a natural Markov chain for fixed magnet. Ising

B pick a +1 and —1 vertex uniformly at random

B swap their spins with probability proportional to the ratio of weights
before and after swapping (Metropolis update)

Marcus Pappik - Fast and Slow Mixing of the Kawasaki Dynamics on Bounded-Degree Graphs



Fixed-Magnetization Ising: Dynamical Threshold

Kawasaki Dynamics: a natural Markov chain for fixed magnet. Ising

B pick a +1 and —1 vertex uniformly at random

B swap their spins with probability proportional to the ratio of weights
before and after swapping (Metropolis update)

Conjecture (Carlson-Davies-Kolla-Perkins '22)

The mixing time of Kawasaki dynamics is polynomial in |V (G)| for all G €
Ga if and only if B < B,(A) or |n| > n.(A,5). That is, computational
and dynamical threshold coincide on Ga.
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Fixed-Magnetization Ising: Dynamical Threshold

Kawasaki Dynamics: a natural Markov chain for fixed magnet. Ising

B pick a +1 and —1 vertex uniformly at random

B swap their spins with probability proportional to the ratio of weights
before and after swapping (Metropolis update)

Conjecture (Carlson-Davies-Kolla-Perkins '22)

The mixing time of Kawasaki dynamics is polynomial in |V (G)| for all G €
Ga if and only if B < Bu(A) or |n| > n.(A,B). That is, computational
and dynamical threshold coincide on Ga.

Support for the conjecture:

B for fixed-size independent sets the dynamical and computational thres-
hold coincide [Jain, Michelen, Pham and Vuong ('23)]

m for fixed-size matchings we have rapid mixing whenever we have an
approx. counting algorithm [Jain and Mizgerd ('24)]
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Main Result: Fixed-Magnetization Ising Model

Theorem 1

There are n, (A, B) > nu (A, B) > n.(4A, B) such that:

(1) If B < Bu(A) or |n| > ne (A, B), the mixing time of Kawasaki dynamics
is polynomial in |V(G)| for all G € Ga.

(2) If 8 > Bu(A) and |n| < ny(A, B), the mixing time is exponential in
'V (G,,)| for some sequence G, € Ga, |V(G,)| — 0.
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Main Result: Fixed-Magnetization Ising Model

Theorem 1
There are n, (A, B) > nu (A, B) > n.(4A, B) such that:

(1) If B < Bu(A) or |n| > ne (A, B), the mixing time of Kawasaki dynamics
is polynomial in |V(G)| for all G € Ga.
(2) If 8 > Bu(A) and |n| < ny(A, B), the mixing time is exponential in
'V (G,,)| for some sequence G, € Ga, |V(G,)| — 0.
Ly a

Fast
0.8 | Theorem 1, (1) //
//776
0.6 | /
~ !
0.4 | )
:’ Slow
0.2 | Theorem 1, (2)
Bu
0 | ;
0 0.4 0.8 1.2
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Main Result: Thresholds

What are the thresholds?

®m 7, (A, ) is the largest expected magnetization of the Ising model at the
uniqueness threshold \, (A, 5) on any G € Ga:

Nu(B; B) = 8uPgegy Bonpg,s,1, 1(9)]
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Main Result: Thresholds

What are the thresholds?

®m 7, (A, ) is the largest expected magnetization of the Ising model at the
uniqueness threshold \, (A, 5) on any G € Ga:

UU(Aa 5) -— SUPgGega EON,MG,ﬁ,,\u [77(0)]
B 1, (A, ) is the largest magnetization at the absolute zero-freeness thres-

hold )\G(A, 5)
%(A, 5) -— SUPgega EJNMG,B,Aa [77(0)]
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Main Result: Thresholds

What are the thresholds?

®m 7, (A, ) is the largest expected magnetization of the Ising model at the
uniqueness threshold \, (A, 5) on any G € Ga:

Nu(B; B) = 8uPgegy Bonpg,s,1, 1(9)]

B 1, (A, ) is the largest magnetization at the absolute zero-freeness thres-
hold A\, (A, 5):

%(A, 5) -— SUPgega EJNMG,B,Aa [77(0)]

Absolute zero-freeness:
Foral Gega, SCVand7:5 — {-1,+1}

A Z5(8,\) Z Aol gBm(o)

oc():
O'|S:’7'

is zero-free in a neighborhood of every compact D C (A, (A, B), o0).
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Part |:
Rapid Mixing
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Rapid Mixing from ¢,.-Independence

{~.-independence:
We say a distribution m on Q@ ={o :V — {—1,+1}} is C-f-independent
if for all u € V with 7w(u +— +1) > 0 it holds that

3 \W(UHHMHH)—W(U%H) <C.
veV
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Rapid Mixing from ¢,.-Independence

{~.-independence:
We say a distribution m on Q@ ={o :V — {—1,+1}} is C-f-independent
if for all u € V with w(u — +1) > 0 it holds that

3 \W(UHHMHH)—W(UHH) <C.
veV

{~-independence = rapid mixing :

If the fixed magnet. Ising model at magnetization 7 < 0 is O(1)-{-
independent under every +1-pinning, then the Kawasaki dynamics mix
rapidly for that 7.
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Rapid Mixing from ¢,.-Independence

{~.-independence:
We say a distribution m on Q@ ={o :V — {—1,+1}} is C-f-independent
if for all u € V with w(u — +1) > 0 it holds that

3 \W(UHHMHH)—W(UHH) <C.
veV

{~-independence = rapid mixing :

If the fixed magnet. Ising model at magnetization 7 < 0 is O(1)-{-
independent under every +1-pinning, then the Kawasaki dynamics mix
rapidly for that 7.

Idea: relate /,.-independence fixed magnet. Ising and general Ising
(adapting a framework by Jain, Michelen, Pham and Vuong ('23))
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Establishing /..-Independence

Note: For all A > 0, pinnings 7 and u,v € V' we have

pr(n [ v—+1)
)
pi(nu— 41,0 — +1)
NG

(0 +1) = pf (0 +1)

fp(v= +1{u— +1) = pi(v— +1|u— +1)-
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Establishing /..-Independence

Note: For all A > 0, pinnings 7 and u,v € V' we have

pr(n [ v—+1)
)
pi(nu— 41,0 — +1)
NG

(0 +1) = pf (0 +1)

fp(v= +1{u— +1) = pi(v— +1|u— +1)-

Observation:

To show O(1)-f.-independence for the fixed magnet. Ising under any pin-
ning 7, it suffices to find some 0 < A such that

m .} satisfies O(1)-£o-independence and

B 1} has a stable magnetization: for all u,v € V it holds that

prn v +1) pi(n | u—+1,0 - +1)
pi(m) p3 (1)

=1+ 0(1/|V]).
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Establishing /..-Independence

Note: For all A > 0, pinnings 7 and u,v € V' we have

pr(n [ v—+1)
)
pi(nu— 41,0 — +1)
A ()

fir (v +1) = (0 +1)-

fp(v= +1{u— +1) = pi(v— +1|u— +1)-

Observation:

To show O(1)-f.-independence for the fixed magnet. Ising under any pin-
ning 7, it suffices to find some 0 < A such that

m .} satisfies O(1)-£o-independence and

B 1} has a stable magnetization: for all u,v € V it holds that

prn v +1) pi(n | u—+1,0 - +1)
pi(m) w3 (1)

=1+ 0(1/|V]).

If 7 < —n4, then there is some A < 1/A, with E;vpur[n(o)] =7 that
satisfies both conditions.
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{s-Independence and Stability from Zero-Freeness

{.-independence of Ising:
Absolute zero-freeness implies ¢.-independence [Chen, Liu and Vigoda "21].

d ZT,w—H—l )\_'_
S [s5 s 1w 41) — 5 o 1| =2 D log ALe)

v de ZT()\ -+ 8) e=0
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{s-Independence and Stability from Zero-Freeness

{.-independence of Ising:
Absolute zero-freeness implies ¢.-independence [Chen, Liu and Vigoda "21].

d ZTu TN 4 ¢)
v F+lu—+1) —py(v— +1)| = A—1
UEZV PR = L [ +1) = (v +1)| = A plog =P |

Stablility of magnetization for Ising:
B try to understand the distribution of X := |o|" near E[X]
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{s-Independence and Stability from Zero-Freeness

{.-independence of Ising:
Absolute zero-freeness implies ¢.-independence [Chen, Liu and Vigoda "21].

d ZTu TN 4 ¢)
v F+lu—+1) —py(v— +1)| = A—1
UEZV PR = L [ +1) = (v +1)| = A plog =P |

Stablility of magnetization for Ising:
B try to understand the distribution of X := |o|* near E[X]

Edgeworth expansion for X:
Using the inverse Fourier transformation, we can write the probability mass
function of X as

fx(z) = % /e_m exp (Z Kom (2.2:”> dt,
m=0 )

h

where k,,, is the m'™ cumulant, given by

_ 47 itX
Koy o= o log £ [e ]

d™ Z7 (e \)
= — log .
t=0  dt™ Z7(A) lt=0
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Proof Overview: Fast Mixing of Kawasaki Dynamics

{~o-independence

for ferro. Ising \

beol ¢~o-independence (1) spectral
t ' -

zer0-freeness chooe oS Olfsifrllze?o:n ol > @%ﬁﬁgfgck

of ferro. Ising EUN“A [n(e)] =n Local-to-global

pinnings’ framework dynamics

Edgeworth expansion

Montel’:_theorem strong LCLT and
N cumulant bounds | Localization schemes
for |o|T in ferro.

Ising for 'small
pinnings’

\J
Q(1/n) spectral
Q(l/n) spectral Localization schemes  g3p and rapid

contralqtive » gap for 'large >  mixing of
coupling pinnings’ Kawasaki
dynamics
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Part 1l
Slow Mixing
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Proof Overview: Slow Mixing

non-uniqueness of
ferro. Ising on Ta [GSVY'16]

slow mixing of

Glauber dynamics
metastability of ferro.

Ising on A-regular

random graphs T 10w mixing of

Kawasaki dynamics

Marcus Pappik - Fast and Slow Mixing of the Kawasaki Dynamics on Bounded-Degree Graphs



16

Proof Overview: Slow Mixing

slow mixing of
. Glauber dynamics
non-uniqueness of metastability of ferro.
— > Ising on A-regular

ferro. Ising on T [GSVY'16] random graphs \ slo %1 of
W mixing

Kawasaki dynamics

Glauber dynamics:
For G ~ U(Ga) we have w.h.p.

1 1
1) > Sy 2 poly(IV])

— e, PR
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Proof Overview: Slow Mixing

slow mixing of
. Glauber dynamics
non-uniqueness of metastability of ferro.
— > Ising on A-regular

ferro. Ising on T [GSVY'16] random graphs \ slo %1 of
W mixing

Kawasaki dynamics

Glauber dynamics:
For G ~ U(GA) we have w.h.p.

1 1
1) > Sy 2 poly(IV])

— e, PR

>
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Proof Overview: Slow Mixing

slow mixing of

. Glauber dynamics
non-uniaueness of metastability of ferro.
J —— > Ising on A-regular

ferro. Ising on T [GSVY'16] random graphs \ slo %1 of
W mixing

Kawasaki dynamics

Glauber dynamics:
For G ~ U(GA) we have w.h.p.

Kawasaki dynamics:
For H =m x G for large m

ORON@

1 1
1) > Sy 2 poly(IV])

— e, PR

I
I
I
I
I
I
> :
I
I
I
I
I
I
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Proof Overview: Slow Mixing

slow mixing of

. Glauber dynamics
non-uniaueness of metastability of ferro.
J —— > Ising on A-regular

ferro. Ising on T [GSVY'16] random graphs \ slo %1 of
W mixing

Kawasaki dynamics

Glauber dynamics:
For G ~ U(GA) we have w.h.p.

Kawasaki dynamics:
For H =m x G for large m

1
CRONCIE

/

1 1
1) > Sy 2 poly(IV])

— e, PR

I
I
I
I
I
I
> :
I
I
I
I
I
I
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Proof Overview: Slow Mixing

slow mixing of

. Glauber dynamics
non-uniaueness of metastability of ferro.
J —— > Ising on A-regular

ferro. Ising on T [GSVY'16] random graphs \ slo %1 of
W mixing

Kawasaki dynamics

Glauber dynamics:
For G ~ U(GA) we have w.h.p.

Kawasaki dynamics:
For H =m x G for large m

1
CRONCIE

/

1 1
1) > Sy 2 poly(IV])

— e, PR

I
I
I
I
I
I
> :
I
I
I
I
I
I

1
CRONCIE

/
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Proof Overview: Slow Mixing

slow mixing of

. Glauber dynamics
non-uniaueness of metastability of ferro.
J —— > Ising on A-regular

ferro. Ising on T [GSVY'16] random graphs \ slo %1 of
W mixing

Kawasaki dynamics

Glauber dynamics:
For G ~ U(GA) we have w.h.p.

Kawasaki dynamics:
For H =m x G for large m

1 1
M(”’7>AZ poly(IV ) > poly(|V])

1
> poly(]V'])

&
@
&

— e, PR

€_|V|

&
<)
O

|

|

|

|

|

|
I IO N N R
A | \

|

|

|

|

|

|

1
CRONCIE
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Final:
Open Questions, Conjectures

and Future Work
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Conjectures and Open Questions

Conjecture
If 5 < Bu(A) or n & [—ng,n.] then Kawasaki dynamics have mixing time
O([V(G)| -log |V(G)]) for all G € Ga.
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Conjectures and Open Questions

Conjecture

If 5 < Bu(A) or n & [—ng,n.] then Kawasaki dynamics have mixing time
O([V(G)| -log |V(G)]) for all G € Ga.

Question
Is Aa(A, B) = Au(A, B)? (if yes then nq (A, B) = nu(A, B))
0.2 : Theore;wl, 2)
Bu
0 0.4 60.8 1.2
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Conjectures and Open Questions

Conjecture

If 5 < Bu(A) or n & [—ng,n.] then Kawasaki dynamics have mixing time
O([V(G)| -log |V(G)]) for all G € Ga.

Question
Is Au(A, B) = Au(A, B)7? (if yes then 1, (A, B) = nu(A, B))

Unfortunately, the answer is no! a

0.8

0.6

I~

0.4

0.2 ' Theorem 1, (2)

0

0 0.4 0.8 1.2
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18

Conjectures and Open Questions

Conjecture

If 5 < Bu(A) or n & [—ng,n.] then Kawasaki dynamics have mixing time
O([V(G)| -log |V(G)]) for all G € Ga.

Question
Is Au(A, B) = Au(A, B)7? (if yes then 1, (A, B) = nu(A, B))

1 _a,

Unfortunately, the answer is no!

0.8

0.6
=

0.4

0.2 ' Theorem 1, (2)

0

0 0.4 0.8 1.2

Better Question g
Are Kawasaki dynamics rapidly mixing for all n & [—ny, 1.
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Conjectures and Open Questions 2

Are Kawasaki dynamics rapidly mixing for all & [—nq, nu]?

More Precise Question

Fix G, 8 > By, 0 < Ap < 1/, and, for every "not too big"“ S C V, let
Ag be such that

E, 41 [1(0)] = Ermng, (7).

Does it hold that A\ — Z°~+1()\) is zero-free in a neighborhood of \g?
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Conjectures and Open Questions 2

Are Kawasaki dynamics rapidly mixing for all & [—nq, nu]?

More Precise Question

Fix G, 8 > By, 0 < Ap < 1/, and, for every "not too big"“ S C V, let
Ag be such that

E, 41 [1(0)] = Ermng, (7).

Does it hold that A\ — Z°~+1()\) is zero-free in a neighborhood of \g?

Intuitively, while pinning S to +1 is similar to increasing the external
field of adjacent vertices, we need to make Ag smaller to preserve the
magnetization, which might globally counteract that effect.
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Conjectures and Open Questions 2

Are Kawasaki dynamics rapidly mixing for all & [—nq, nu]?

More Precise Question

Fix G, 8 > By, 0 < Ap < 1/, and, for every "not too big"“ S C V, let
Ag be such that

E, 41 [1(0)] = Ermng, (7).

Does it hold that A\ — Z°~+1()\) is zero-free in a neighborhood of \g?

Intuitively, while pinning S to +1 is similar to increasing the external
field of adjacent vertices, we need to make Ag smaller to preserve the
magnetization, which might globally counteract that effect.

Thank you!
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Backup
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Side Result: Ferromagnetic Ising Model

Reminder:
Slow mixing of Glauber dynamics is only known for 8 > 3,(A) and A = 1.
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Side Result: Ferromagnetic Ising Model

Reminder:
Slow mixing of Glauber dynamics is only known for 8 > 3,(A) and A = 1.

Theorem 2
For all 3 > (,(A) and X € (m,)\u(A,ﬁ)), there is a sequence

G, € Ga with |V(G,)| — oo such that the mixing time of Glauber
dynamics is exponential in |V (G,)|.
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